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TWISTOR CONSTRUCTION OF ASYMPTOTICALLY HYPERBOLIC EINSTEIN–WEYL
SPACES
ALEKSANDRA BORÓWKA
Abstract. Starting from a real analytic conformal Cartan connection on a real analytic surface S , we construct
a complex surface T containing a family of pairs of projective lines. Using the structure on S we also construct
a complex 3-space Z, such that Z is a twistor space of a self-dual conformal 4-fold and T is a quotient of Z
by a holomorphic local C× action. We prove that T is a minitwistor space of an asymptotically hyperbolic
Einstein-Weyl space with S as an asymptotic boundary.
1. Introduction
An Einstein-Weyl manifold (B, c,D) is a conformal manifold (B, c) whose symmetric trace-free part of
the Ricci tensor of D vanishes (see for example [6]). N. Hitchin ([11]) developed minitwistor theory for 3-
dimensional Einstein-Weyl manifolds and P. Jones and K. Tod ([13]) showed that quotients of twistor spaces
of self-dual conformal 4-manifolds by a well-behaving holomorphic actions are minitwistor spaces.
C. LeBrun ([16]) stated a definition of asymptotically hyperbolic Einstein-Weyl spaces and, using similar
techniques as P. Jones and K. Tod, he showed that the quotient of a self-dual conformal 4-manifold by a
well-behaving S 1 action is an asymptotically hyperbolic Einstein-Weyl manifold. He also stated a question
if all asymptotically hyperbolic Einstein-Weyl manifolds (in the global sense) are in fact hyperbolic.
The main result of this paper is a construction, which from a real analytic conformal Cartan connection on
a real analytic surface S produces a twistor space T of an asymptotically hyperbolic Einstein-Weyl manifold
B with S as an asymptotic boundary. We also give a natural construction of a twistor space Z of a self-dual
conformal 4-manifold M such that B is the quotient of M by a conformal semi-free S 1 action.
Section 2 contains necessary background. Firstly, we introduce twistor theory for self-dual conformal 4-
manifolds and Einstein-Weyl 3-manifolds. Then we discuss briefly asymptotically hyperbolic Einstein-Weyl
spaces and conformal Cartan connections. Finally we recall properties of complexifications.
In Section 3 we discuss a motivating example for the construction, namely the quadric in CP3. In Sec-
tion 3, starting from a complexification Σ of a real-analytic surface S with a real-analytic Cartan geometry,
we construct a complex surface T containing family of line pairs parametrised by points in Σ. In Section 4,
using the same data, we give a natural construction of a 3-dimensional complex manifold Z such that there
is a projection Π from an open subset of Z to T .
In Section 5, we prove that the manifold Z admits a family of projective lines with normal bundle O(1) ⊕
O(1). We also show that Z and T admit compatible real structures and hence conclude that Z is a twistor
space of a self-dual conformal 4-manifold M. Next, we show that the projection from Z to T is given by a
holomorphicC× action which induces a semi-free S 1 action on M. We prove that the quotient of some twistor
lines gives minitwistor lines on T and therefore conclude that T is a minitwistor space of an Einstein-Weyl
manifold B. Applying a result of LeBrun ([16]), we conclude that B is asymptotically hyperbolic.
As we use twistor methods for our construction, the results we obtain are local in nature. In particular the
constructed manifolds are not counterexamples for the LeBrun’s conjecture.
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2. Background
Twistor theory. Twistor theory introduced by R. Penrose in 1965 ([18]) provides a correspondence be-
tween various classes of real smooth manifolds (e.g. self-dual conformal 4-manifolds ([1]), Einstein-Weyl
3-manifolds ([11]), surfaces with projective structure [12]) with complex manifolds containing special fam-
ilies of projective lines.
Recall that O(−1) is the tautological bundle over CPn, O(1) = O(−1)∗ and O(k) = O(1)⊗k. We will use the
following two theorems.
Theorem 1 (Penrose [18], Atiyah, Hitchin, Singer [1]). Let Z be a complex 3-manifold such that:
(i) There is a family of non-singular holomorphic projective lines CP1 each with normal bundle iso-
morphic to O(1) ⊕ O(1),
(ii) Z has a real structure which on lines from the family which are invariant under this real structure
induces the antipodal map of CP1.
Then the parameter space of projective lines invariant under the real structure is a self-dual conformal
4-manifold for which Z is the twistor space.
Theorem 2 (Hitchin, [11]). Let T be a surface such that:
(i) There is a family of non-singular holomorphic projective lines CP1 each with normal bundle iso-
morphic to O(2),
(ii) T has a real structure which on lines from the family which are invariant under this real structure
induces the antipodal map of CP1.
Then the parameter space of projective lines invariant under the real structure is an Einstein–Weyl manifold.
These two twistor-type construction have been connected by P. Jones and K. Tod ([13]). They have shown
that the quotient of any twistor space Z by a well-behaving holomorphic action is a minitwistor space T .
Well-behaving holomorphic actions on twistor spaces correspond to conformal actions on the corresponding
self-dual conformal 4 manifolds and the Einstein-Weyl space arising from T is the quotient of self-dual
conformal 4-manifold arising from Z by the conformal action.
Asymptotically hyperbolic Einstein-Weyl spaces. Recall that hyperbolic 3-manifolds are Riemannian
3-manifolds of constant sectional curvature equal to −1. They are basic examples of Einstein and thus
Einstein–Weyl manifolds. C. LeBrun in [16] stated the definition which generalises this notion.
Definition 1 ([16]). An Einstein–Weyl 3-manifold (B, c,D) is said to be asymptotically hyperbolic if there
exist:
• a connected Riemannian 3-manifold (Y, ˜h) with a boundary ∂Y,
• a defining function of ∂Y, i.e., a function f : Y → R+ ∪ {0} such that f |∂Y = 0 and (d f )|∂Y is
non-vanishing,
• a smooth 1-form ω on Y vanishing along ∂Y,
such that (B, c,D) is isomorphic to (Y − ∂Y) equipped with the Weyl structure given by the conformal class
of [˜h] and the Weyl connection given by ( f −2 ˜h, ω).
Recall that a semi-free action of a group G is such that the stabiliser of every point is either trivial or the
whole G. Later we will use the following lemma.
Lemma 1 ([16]). Suppose that (M, g) is a self-dual manifold with an S 1 action which has a non-empty sur-
face S of fixed points, is semi-free and does not have isolated fixed points. Let B be a maximal smooth man-
ifold (without boundary) contained in Y = M/S 1 i.e., the smooth point subset of Y. Then the Einstein–Weyl
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structure defined by the Jones–Tod correspondence ([13]) on B is an asymptotically hyperbolic Einstein–
Weyl structure.
In [16] C. LeBrun stated hypothesis that if Y from Definition 1 is compact then the asymptotically hyper-
bolic manifold B is hyperbolic.
Conformal Cartan connection. Conformal Cartan geometry (like other parabolic geometries; see [7], [8])
can be defined using tractor bundles (see [2], [5]). We will use this approach in the paper.
Definition 2. A conformal Cartan geometry on an n-manifold S is a quadruple (V, 〈, 〉,Λ,D) where:
• V is a rank n + 2 vector bundle with inner product 〈, 〉 over S ,
• Λ ⊂ V is a null line subbundle over S ,
• D is a linear metric connection satisfying the Cartan condition, that is δ := D |Λ mod Λ is an
isomorphism from TS ⊗ Λ to Λ⊥/Λ.
In the real Riemannian case we require that 〈·, ·〉 has signature (n + 1, 1). A complex conformal Cartan
geometry on a complex n-manifold is a quadruple (V, 〈, 〉,Λ,DS ) as above, where all objects are holomorphic
and we take 〈, 〉 to be bilinear rather than hermitian.
Complexification. A real structure θ on a complex manifold S is an anti-holomorphic involution, i.e., an
anti-holomorphic map θ : S → S such that θ2 = id. The set of fixed points S θ = {x ∈ S : θx = x} is a real
analytic submanifold.
Definition 3. A complexification (S c, θ) of a real m-dimensional manifold S is a complex manifold S c of
complex dimension m together with a real structure θ on S c with the fixed point set (S c)θ ≃ S .
For any real-analytic manifold S we can construct a complexification S c of S using holomorphic exten-
sions of real-analytic coordinates on S . Indeed, as transition functions are given by real-analytic functions,
we can locally holomorphically extend them to obtain a holomorphic atlas and the real structure θ is given by
complex conjugation. Clearly S ≡ (S c)θ and we denote (S c)θ by S R. Conversely, if S c is a complexification
then by local uniqueness near the submanifold S , the transition functions of S c must coincide with holomor-
phic extensions of transition functions from S . Hence, by local uniqueness of holomorphic extensions, any
two complexifications of S are isomorphic in some neighbourhood of S R.
3. Motivating Example
In this section, byCPn we denote the space P(Cn+1) and by (CPn)∗ we denote the space P((Cn+1)∗). We will
discuss now a motivating example for the construction of the twistor space of an asymptotically hyperbolic
Einstein–Weyl manifold from a 2-manifold equipped with a conformal Cartan connection.
Firstly, we will discuss some geometric properties of the space CP1 × CP1.
Example 1. Let T  (CP1)∗ × (CP1)∗ be a quadric in (CP3)∗. On T we have two families of lines with
normal bundle O called α-lines and β-lines. α-lines do not intersect each other, β-lines do not intersect each
other and any α-line intersects any β-line in exactly one point. Moreover, any point in T belongs to exactly
one α-line and one β-line. Thus, we can consider a family of line pairs parametrised by points in T . Now,
note that the projective tangent space to T at a point t intersects T in the line pair intersecting at the point
t. Thus, any line pair is determined by the intersection of the tangent space through their intersecting point
with T . Thus, the moduli space of line pairs of T coincides with the space T ∗ ⊆ (CP3) of tangent spaces to
T . This is a quadric in (CP3).
The space of deformations of hyperplanes tangent to T is the whole space CP3 viewed as the space of all
hyperplanes in (CP3)∗. By the adjunction formula the hyperplanes which are non-tangent to T intersect T in
curves which have normal bundles isomorphic to O(2).
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Remark 1. In the above example we constructed O(2)-curves as ’deformations’ of the line pairs. Note that
as the line pairs are singular, to be able to obtain non-singular deformations we had to consider non-singular
manifolds uniquely determining line pairs. Then we deformed the non-singular manifolds to obtain a non-
singular manifold determining a non-singular twistor line. In the general construction we will have a similar
situation; to be able to construct non-singular twistor lines we will have to construct some non-singular
surfaces determining line pairs.
Now we will interpret the above correspondence using a conformal Cartan geometry on a quadric Σ.
Let Σ = {[z] ∈ CP3 | z0z1 + z2z3 = 0} with the following complex Cartan geometry (V, 〈, 〉,Λ,D) (see
definition 2):
• V = Σ × C4 is a rank 4 trivial vector bundle,
• 〈x, y〉 = x0y1 + x1y0 + x2y3 + x3y2 is an inner product on C4,
• Λ := {([z],w) ∈ V | w = αz for some α ∈ C} is a rank 1 null subbundle of V ,
• D is the standard flat connection on the trivial bundle V .
Note that Σ is isomorphic to CP1 × CP1 and the isomorphism Υ is given by
Υ : CP1 × CP1 −→ Σ ⊆ CP3
([u0, u1], [v0, v1]) 7→ [z] = [−u0v0, u1v1, u0v1, u1v0]
and the complex Cartan connection (V, 〈, 〉,Λ,D) is a complexification of a (real) Cartan connection on the
real 2-sphere S 2.
Observe that for any [z] = Υ([u0, u1], [v0, v1]), the map Υ defines a pair of lines by
α[z] := Υ([u0, u1], [x, y]) = {[−u0x, u1y, u0y, u1x] ∈ Σ, : [x, y] ∈ CP1},
β[z] := Υ([x, y], [v0, v1]) = {[−xv0, yv1, xv1, yv0] ∈ Σ, : [x, y] ∈ CP1}.
We have that
Λ0[z] = {a ∈ (C4)∗ : a1(z0) + a0(z1) + a3(z2) + a2(z3) = 0},
where Λ0 ⊂ V∗ is the annihilator of Λ. Furthermore, we have that 〈α[z], ·〉 ⊆ P(Λ0[z]) and 〈β[z], ·〉 ⊆ P(Λ0[z]).
The induced degenerated inner product on Λ0[z] defines two null planes U
+
[z] ⊆ Λ
0 and U−[z] ⊆ Λ
0
. They are
given by the equation
0 = 〈a, a〉 = −a0a1 + a2a3,
for a ∈ Λ0[z]. Note that the null planes satisfy P(U+[z]) = 〈α[z], ·〉 and P(U−[z]) = 〈β[z], ·〉.
We define the following fibre bundles over Σ:
• F+ to be a bundle of projective lines defined fibrewise by F+[z] := P(U+[z]),
• F− to be a bundle of projective lines defined fibrewise by F−[z] := P(U−[z])
• F to be a bundle of pairs of projective lines defined fibrewise by F[z] := F+[z] ∪ F−[z].
As for any [z] ∈ Σ we have that F[z] ⊆ (CP3)∗, we can consider the space T = ⋃[z] F[z]. Straightforward
calculations show that T is a quadric in (CP3)∗ dual to Σ.
As a result we have the following diagram
F ⊂ Σ × Σ∗
Σ T
✑
✑
✑✰
π ◗
◗
◗s
π˜ .
By definition, the fibre of F over [z] ∈ Σ is a pair of lines dual to the line pair through [z], hence
F = {([z], 〈[a], ·〉) ∈ Σ × Σ∗ : [a] ∈ (α[z] ∪ β[z])}.
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We would like to understand what are fibres of F over T .
Observe that on Σ we have two families of null curves, namely the α lines and the β lines. Denote by t+
the distribution of the tangent bundle defining the foliation by α-lines and by t− the distribution defining the
foliation by β-lines. As we will show in Proposition 2, we can horizontally lift α-lines to F+ and β lines to
F−.
Note that F+[z] ∩ F
−
[z] = P(Λ∗)[z] is a point for any [z] ∈ Σ.
Proposition 1. T is isomorphic to the leaf space of the foliation of F by horizontal lifts of null curves. The
fibres of F over T are pairs of null lines.
Proof. Any horizontal lift of a line pair is uniquely given by the point in which both lines intersect P(Λ∗) 
Σ∗. Choose b ∈ T . It is given by the horizontal lift bF to F of a line pair (l1, l2) ⊂ Σ such that b intersect
P(Λ∗) over [z] ∈ Σ and l1 ∩ l2 = [z]. By definition of the horizontal lift, for any [a] ∈ l1 ∪ l2 there exists a
point b[a] ∈ bF ∈ F. Hence the fibre of F over b is l1 ∪ l2. 
Remark 2. Note that as T = Σ∗ is a quadric in (CP3)∗, it also admits two families of lines: they are duals to
α and β-lines from Σ. Now observe that π˜(bF) from the above proof is the pair of lines in T which intersect
in b. Those lines are the dual lines to l1 and l2 and hence the fibre of F over [b] ∈ T is the pair of lines which
are dual to the pair of projective lines intersecting in [b].
Observation 1. We have shown that in the above example the situation is symmetrical: T is dual to Σ and
the fibres of F over T are duals to fibres of F over Σ. This symmetry does not exist any more if we proceed
with the construction for U ( Σ. Then the null curves in Σ are pieces of lines but the fibres of F over Σ
are still pairs of projective lines. As a consequence, we obtain that T is a subspace of quadric in (CP3)∗
consisting of families of projective lines and U∗ ( T . This changes the situation from local (a manifold
containing pieces of lines) to global (a manifold containing whole projective lines).
Remark 3. In this example we constructed F as a projective subbundle of P(V∗). This approach was useful
to see the geometry of the situation. However, 〈·, ·〉 induces an isomorphism between V and V∗ and hence
we have an isomorphism between Λ0 ⊂ V∗ and Λ⊥ ⊂ V . Using this, we will simplify the notation in the
general construction and will construct F as a fibre subbundle of P(V).
4. Construction of a complex surface containing family of line pairs
Let Σ be a complex surface with a complex Cartan connection (V, 〈·, ·〉,Λ,D) (see Section 2) which is a
complexification of a real surface S with a Cartan connection.
Null curves and their horizontal lifts. Now define the following objects:
• U+ and U− - the null plane subbundles of Λ⊥ ⊂ V defined by the degenerate inner product on Λ⊥;
note that Λ = U+ ∩ U−,
• t+ and t− - the line subbundles of the tangent bundle TΣ such that
δ(Λ ⊗ t+) = U+/Λ and δ(Λ ⊗ t−) = U−/Λ,
where δ denotes the isomorphism between TΣ ⊗ Λ and Λ⊥/Λ in the Cartan condition,
• C+ and C− - families of curves in Σ defined by t+ and t− (by requiring that t± is a tangent space to
curves from C± families),
• Σ+ denotes the leaf space of C+ curves and Σ- the leaf space of C− curves,
• F+ = P(U+), F− = P(U−) - fibre bundles over Σ.
Proposition 2. The connection D satisfies DX(U+) ⊆ U+ for X ∈ t+ and DY (U−) ⊆ U− for Y ∈ t−.
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Proof. Let u ∈ ΓU+ and X ∈ Γt+. As U+ ⊆ Λ⊥ is totally null, for any σ ∈ ΓΛ we have that
〈DXu, σ〉 = dX〈u, σ〉 − 〈u,DXσ〉 ∈ 〈U+,U+〉 = 0.
Moreover, differentiating the equation 〈u, u〉 = 0 we get that
〈DXu, u〉 = 0,
thus
DXu ∈ (U+)⊥ = U+.

Corollary 1. D induces a connection on F+ along curves from C+ and on F− along curves from C−. Hence
we can horizontally lift curves from C+ to F+ and from C− to F−.
We restrict Σ to an open subset on which curves from families C+ and C− are simply connected .
Leaf spaces of foliations of horizontal lifts of null curves.
Proposition 3. Locally, the horizontal lifts of curves from C+ and C− to F+ and F− define foliations of the
total spaces of F+ and F− respectively. Locally, the leaf spaces of the foliations are manifolds.
Proof. We will prove the proposition for C+ curves. The proof for C− curves is analogous. Observe that
because C+ is a family of integral curves for t+ distribution, we can restrict Σ such that the curves from
C+ do not intersect each other. Horizontal lifts of any curve c+ ∈ C+ are sections of F+ over c+. Hence
horizontal lifts of two different curves do not intersect. Moreover, from properties of horizontal lifts, locally
two different horizontal lifts of a c+ do not intersect each other.
Hence the horizontal lifts of C+ curves define a foliation of F+ and thus the leaf space of the foliation is
(locally in Σ) a Hausdorff manifold. 
Definition 4. Denote by T+ the leaf space of the foliation of F+ by horizontal lifts of curves from C+ and by
T− the leaf space of the foliation of F− by horizontal lifts from C−.
The lifted curves are transversal to the fibres of F+ and F− respectively. Thus we can further restrict Σ
such that any curve from T+ (T− respectively) intersects any fibre of F+ (F− respectively) at most once.
Moreover, through each point of a particular fibre of F+ (F− respectively) goes exactly one curve from T+
(T− respectively). Recall also that all curves intersecting a particular fibre of F+ or F− arise as horizontal lifts
of one curve from the C+ or C− family respectively. As a consequence we obtain the following proposition.
Proposition 4. Any curve c+ ∈ C+ defines a projective line in T+ given by horizontal lifts of c+. Any curve
c− ∈ C− defines a projective line in T− given by horizontal lifts of c−. 
As an immediate consequence of the above proposition we obtain that T+ and T− are foliated by projective
lines.
Definition 5. For c+ ∈ C+ we denote by l+
c+
⊂ T+ the projective line given by horizontal lifts of c+. For
c− ∈ C− we denote by l−
c−
⊂ T− the projective line given by horizontal lifts of c−.
As any z ∈ Σ defines exactly one curve c+ from C+ and c− from C− such that z ∈ c+ and z ∈ c− we set
l+z := l+c+ and l−z := l−c− .
Note that P(Λ) is a section of both F+ and F−.
Proposition 5. The elements of T+ and T− which intersect P(Λ) are transversal to P(Λ).
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Proof. From the Cartan condition we have that D|Λ is an isomorphism between TΣ ⊗ Λ and Λ⊥/Λ. Hence
D|Λ is 0 in Λ⊥/Λ only for the zero section and consequently the induced connections on F+ and F− have the
property that non-zero elements of TΣ⊗ P(Λ) leave P(Λ). In particular the horizontal lifts of curves c+ ∈ C+
and c− ∈ C− must be transversal to P(Λ) 
Definition 6. For each z ∈ Σ we have that F+z ∩ F−z = P(Λ)z thus we can define a gluing of T+ with T− by
identifying those lifted curves in F+ and F− which intersect at P(Λ)z = F+z ∩ F−z for some z ∈ Σ:
T := T+
⊔
∼
T−,
where for t+ ∈ T+ and t− ∈ T− we have t+ ∼ t− if t+ ∩ t− = {P(Λ)z} for some z ∈ Σ.
Note that as lifted curves are transversal to P(Λ), by possible further restriction of Σ we can ensure that
any element of T+ is glued with at most one element of T− and vice versa. Hence, T arises as a gluing
of manifolds T+ and T− on some set. Without loss of generality we can assume that the set is open and
connected.
Remark 4. As for any point of P(Λ) we have exactly one element of T+ and one element of T− which
intersect in it, the open subset on which we glue can be identified with P(Λ) and thus with Σ.
By restricting Σ to a ±-convex region i.e., to a region in which every curve from C+ intersects every curve
from C− and vice-versa, we get that every projective line from T+ (defined as in Proposition 4) intersects
every projective line in T− in exactly one point.
Proposition 6. After restricting Σ as in Remark 4, T is a Hausdorff manifold.
Proof. The condition that every line from T+ intersect every line from T− implies that there are no double
points on the boundary of the gluing region and therefore the manifold T is Hausdorff. 
Coordinate description of the gluing. Now, we will describe the leaf spaces of foliations T+ and T− and
the gluing procedure in another way. We will also introduce coordinates on T+ and T−.
Firstly, recall that for any curve c± ∈ C±, horizontal lifts of c± to F± are sections of F±|c± . Choose two
intersecting curves c+0 ∈ C
+ and c−0 ∈ C−. As the curves from C+ and C− are transversal to each other and as
we restricted Σ to a ±-convex region, lifts of curves from C+ intersect F+|c−0 in exactly one point and lifts of
curves from C− intersect F−|c+0 in exactly one point. As a consequence we obtain the following proposition.
Proposition 7. With possible restriction of Σ, the manifolds T+ and T− can be identified with F+|c−0 and
F−|c+0 respectively. 
The gluing of F+|c−0 with F
−|c+0 induced from the gluing of T
+ and T− can be described using the following
coordinates. Let z, z˜ be local coordinates on Σ such that curves from C+ are given by z = const and those
from C− by z˜ = const. Suppose moreover, that c+0 is given by z = 0 and c
−
0 by z˜ = 0. This induces local
coordinates (z,w) near P(Λ) on F+|c−0 and (z˜, w˜) near P(Λ) on F−|c+0 in the following way.
• (z = a,w = b) is a point in a neighbourhood of P(Λ)(z=a,z˜=0) in F+|c−0 which correspond to a horizontal
lift of + curves intersecting P(Λ) over the point (z = a, z˜ = b).
• (z˜ = a˜, w˜ = ˜b) is a point in a neighbourhood of P(Λ)(z=0,z˜=˜b) in F+|c−0 which correspond to a horizontal
lift of − curves intersecting P(Λ) over the point (z = a˜, z˜ = ˜b).
The following proposition is an immediate consequence of the way we constructed the coordinates.
Proposition 8. The gluing F+|c−0 and F
−|c−+0 is given by z = w˜, w = z˜. 
Recall that projective lines on T+ or T− are given by horizontal lifts of a fixed ±-curves respectively. This
corresponds to fibres of F+|c−0 and F
−|c−+0 respectively. This implies the following corollary.
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Corollary 2. The normal bundle of any projective lines in T defined by horizontal lifts of particular±-curves
is isomorphic to O.
5. Construction of a twistor space of a self-dual conformal 4-manifold
In this section we will show that there is a canonical construction of a 3-dimensional twistor space Z from
the Cartan connection on Σ such that T arises as a canonical quotient of Z. We will use later the twistor lines
to construct O(2) - curves on T .
Decomposition of Λ. In this paragraph we will show that the null line subbundle Λ decomposes into a
tensor product of pull backs of line bundles on Σ+ and Σ-.
Lemma 2. The null line bundle Λ decomposes into a tensor product of two line bundles
Λ = Λ+ ⊗Λ−,
such that Λ+ is trivial along curves from the family C+ and Λ− is trivial along curves from the family C−.
Proof. Using the fact that SL(2,C) × SL(2,C) is a double cover of SO(4,C) we can find bundles W and ˆW
such that ∧2W and ∧2 ˆW are trivial and
V  W ⊗ ˆW.
We can choose also non-vanishing sections ǫ of ∧2W and ǫˆ of ∧2 ˆW such that ǫ ⊗ ǫˆ = 〈·, ·〉. Then we have
that for w1,w2 ∈ W and wˆ1, wˆ2 ∈ ˆW
〈w1 ⊗ wˆ1,w2 ⊗ wˆ2〉 = ǫ(w1,w2)ǫˆ(wˆ1, wˆ2).
Thus
〈w1 ⊗ wˆ1,w1 ⊗ wˆ2〉 = 0 and 〈w1 ⊗ wˆ1,w2 ⊗ wˆ1〉 = 0,
and hence bundles of the form w⊗ ˆW and W ⊗ wˆ are null subbundles. Let w1,w2 be a basis for W and wˆ1, wˆ2
be a basis for ˆW. Then w1 ⊗ wˆ1, w1 ⊗ wˆ2, w2 ⊗ wˆ1, w2 ⊗ wˆ2 is a basis of W ⊗ ˆW and being a null vector implies
that the determinant vanishes. This implies that null vectors are of the form w⊗ wˆ, where w ∈ W and wˆ ∈ ˆW.
As a result, the null subbundle Λ ⊆ V must be of the form
Λ = span{w0 ⊗ wˆ0},
for some w0 ∈ W and wˆ0 ∈ ˆW.
Then
Λ⊥ = w0 ⊗ ˆW + W ⊗ wˆ0.
In this setting U+ = w0 ⊗ ˆW and U− = W ⊗ wˆ0 and using the Cartan condition t+  w0 ⊗( ˆW/〈wˆ0〉) and
t−  (W/〈w0〉)⊗ wˆ0.
As a consequence Λ+ := 〈w0〉 ⊂ W is constant along C+ curves and Λ− := 〈wˆ0〉 ⊂ ˆW is constant along
C− curves, which finishes the proof. 
Construction of halves of a twistor space.
Definition 7. Define
˜U+ := U+ ⊗(Λ+)∗ ⊗(Λ+)∗ and ˜U− := U− ⊗(Λ-)∗ ⊗(Λ-)∗.
Observe that Λ- ⊗(Λ+)∗ ⊂ ˜U+ and Λ+ ⊗(Λ-)∗ ⊂ ˜U−.
From Proposition 2 we obtain the following corollary.
Corollary 3. Using the connection D we can horizontally lift C+ curves to ˜U+ and C− curves to ˜U−.
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Similarly like for lifts of curves to F, locally in Σ, horizontal lifts of C+ curves (and C− respectively) do
not intersect and thus define foliations of ˜U+ and ˜U−.
Definition 8. Denote by V+ the leaf space of horizontal lifts of C+ curves to ˜U+. Denote by V− the leaf
space of horizontal lifts of C− curves to ˜U−.
Analogously like for the spaces T+ and T−, we can prove that the spaces V+ and V− are manifolds.
As ˜U+ arises from U+ by tensoring by a line bundle we get that the projective bundle P( ˜U+) is equal to
P(U+).
Remark 5. We have that P( ˜U+) = F+ and P( ˜U−) = F−.
Gluing. By applying the Proposition 5, we obtain the following proposition.
Proposition 9. The non-zero curves from V+ and V− are transversal to Λ- ⊗(Λ+)∗ and Λ+ ⊗(Λ-)∗ respec-
tively. 
As a consequence, locally in Σ, the non-zero curves from V+ (V− respectively) intersect Λ- ⊗(Λ+)∗
(Λ+ ⊗(Λ-)∗ respectively) in at most one point. Hence, through any point of (Λ- ⊗(Λ+)∗)× and (Λ+ ⊗(Λ-)∗)×
goes exactly one curve from V+ or V−.
As Λ+ ⊗(Λ-)∗ = (Λ- ⊗(Λ+)∗)∗, we can define a gluing ˆZ of V+ and V− as follows:
ˆZ := V+
⊔
∼
V−,
where for v+ ∈ V+ and v− ∈ V− we have v+ ∼ v− if v+ ∩ (Λ- ⊗(Λ+)∗) = (v− ∩ (Λ+ ⊗(Λ-)∗))∗.
Unfortunately, ˆZ does not need to be Hausdorff. Later we will show how to choose open subsets of V+
and V− such that the manifold Z ⊂ ˆZ obtained by the gluing of them is Hausdorff.
Coordinate description. In this paragraph we will discuss how the gluing region of ˆZ looks like in more
detail. We will also construct local coordinates on the gluing parts of V+ and V−.
Firstly observe that, analogously as in Proposition 7, we have another description of manifolds V+ and
V−.
Proposition 10. After possible restriction of Σ, the manifold V+ can be identified with ˜U+|c−0 and the manifold
V− can be identified with ˜U−|c+0 . 
Recall that in Proposition 7 we identified T+ with F+|c−0 and T
− with F−|c+0 . The gluing region P(Λ) was
a union of non-empty open subsets of fibres of F+|c−0 and F
−|c+0 respectively.
Definition 9. Denote by ˜W+ the gluing region in F+|c−0 and set ˜W
+
z := F+z ∩ ˜W+. Denote by ˜W− the gluing
region in F−|c+0 and set ˜W
−
z := F−z˜ ∩ ˜W−.
Definition 10. For any vector bundle A over a manifold M we can define a bundle ∆A on the total space
of the projective bundle P(A) by requiring that (∆A)lx = lx, where lx is a 1-dimensional subspace in Ax.
∆A will be called the tautological bundle along the fibres corresponding to a vector bundle A and, after
restriction to any fibre of P, it is isomorphic to the tautological bundle O(−1).
Observe that the bundles ˜U+ and ˜U− can be naturally identified with the blow-down of ∆
˜U+ and ∆ ˜U− - the
corresponding tautological bundles along the fibres over F+ and F− respectively.
Definition 11. Denote by W+ ⊂ ˜U+ the image by blow-down of ∆
˜U+ | ˜W+ . Denote by W− ⊂ ˜U− the image by
blow-down of ∆
˜U− | ˜W− .
Observation 2. W+ \ 0 is the gluing region of V+ = ˜U+|c−0 . W
− \ 0 is the gluing region of V− = ˜U−|c+0 .
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Using the properties of blow-down we obtain the following corollary.
Corollary 4. For any z ∈ c−0 , z˜ ∈ c+0 we have that W+z and W−z˜ are cones in ( ˜U+)z and ( ˜U−)z˜ with vertex at 0.
Remark 6. By properties of the blow down and of the tautological bundle, ∆
˜U+ | ˜W+ \ 0 is isomorphic with
W+ \ 0. As a consequence we have a one-to-one correspondence between points of ∆
˜U+ | ˜W+ \ 0 and elements
of the gluing part of V+.
Recall that in Section 4 we constructed coordinates (z,w) and (w˜, z˜) on gluing regions ˜W+ of T+ and ˜W−
of T−. Using them, we will now construct local coordinates on W+ and W−.
Let (z, z˜, λ) be coordinates on local trivialisation of Λ- ⊗(Λ+)∗ such that (z, z˜) are coordinates on the base
Σ and λ is a coordinate in the direction of fibres. Recall that the coordinates (z,w) on ˜W+ were induced from
coordinates (z, z˜) on Σ by the intersection point of a curve s+ ∈ ˜W+ with Λ. We define coordinates (z,w, λ)
on ∆
˜U+ | ˜W+ \ 0 in the analogous way (using intersection points of the corresponding lifts of curves from V+
with Λ- ⊗(Λ+)∗).
Analogously choosing coordinates (z, z˜, ˜λ) on local trivialisation of Λ+ ⊗(Λ-)∗ we define coordinates
(w˜, z˜, ˜λ) on ∆
˜U− | ˜W− . We can require that ˜λ is a dual coordinate to λ i.e., that if l ∈ Λ- ⊗(Λ+)∗ is given in
the coordinates (z, z˜, λ) by (a, b, l0) then the point l∗ ∈ Λ+ ⊗(Λ-)∗ is given in coordinates (z, z˜, ˜λ) by (a, b, l−10 ).
From the properties of blow-down we obtain the following proposition.
Proposition 11. The local coordinates (z,w, λ) on ∆
˜U+ | ˜W+ induce coordinates (z, λw, λ) on (W+ \ 0) ⊂ ˜U+|c−0
such that they extend (by λw = 0) continuously through 0 ⊂ ˜U+|c−0 .
The local coordinates (w˜, z˜, ˜λ) on ∆
˜U− | ˜W− induce coordinates ( ˜λw˜, z˜, ˜λ) on (W− \0) ⊂ ˜U−|c+0 such that they
extend (by ˜λw˜ = 0) continuously through 0 ⊂ ˜U−|c+0 .
Proof. Recall that in Corollary 4 we showed that W+ is a cone subbundle of ˜U+. W+ is the image of a blow-
down of ∆
˜U+ | ˜W+ and the blow-down map after restriction to ∆ ˜U+ | ˜W+ \ 0 is an isomorphism on W+ \ 0, thus
the coordinates are well defined. Moreover λ tends to 0 as we approach the zero section and w is bounded
(at least locally), which completes the proof. 
By construction, we obtain the following coordinate description of the gluing.
Proposition 12. The gluing of W+ \ 0 with W− \ 0 is given by z = w˜, w = z˜ and λ = ˜λ−1. 
Hausdorffness. In this paragraph we will show how to choose open subsets of V+ and V− such that the
manifold obtained after gluing is Hausdorff.
The idea is as follows. We choose a tubular neighbourhoods B+ of the zero section in ˜U+|c−0 and B
− of
the zero section in ˜U−|c+0 . We can choose B
+ and B− such that the intersection of the image in ˜U−|c+0 by the
gluing of B+ ∩ (W+ \ 0) with B− is empty.
Definition 12. Define Z+ := B+ ∪ W+ and Z− := B− ∪ W− and
Z := Z+
⊔
∼
Z−,
where for v+ ∈ W+ \ 0 and v− ∈ W− \ 0 we have v+ ∼ v− iff v+ ∩ (Λ- ⊗(Λ+)∗) = (v− ∩ (Λ+ ⊗(Λ-)∗))∗.
Proposition 13. The space Z defined above is a Hausdorff manifold.
Proof. Clearly Z is a manifold as it arises as a gluing of two manifolds on an open set. It remains to show
that Z is Hausdorff. Note that the condition that the intersection of the image in ˜U−|c+0 by the gluing of
B+ ∩ (W+ \ 0) with B− is empty implies that B+ and B− are open subsets of Z and that on the boundary of
the gluing region in Z there are no double points which finishes the proof. 
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Corollary 5. The gluing of Z+ and Z− is compatible with the gluing of T+ and T−. Hence, using Remark 5,
we have a projection Π from an open subset of Z (the set of points corresponding to ˜U+|c−0 \ 0 and ˜U−|c+0 \ 0)
to T .
6. Construction of a family of lines with the normal bundle O(2)
Normal bundle to twistor lines.
Definition 13. Let t(a,b) be a projective line in Z which is the gluing of a line in W+ ⊂ ˜U+|c−0 given by
(z,w) = (a, b) with a line in W− ⊂ ˜U−|c+0 given by (w˜, z˜) = (a, b).
Lemma 3. The normal bundle N(a,b) to projective lines t(a,b) decomposes into two line subbundles N(a,b) =
N+(a,b) ⊕ N
−
(a,b).
Proof. Our aim is to show that the vertical bundle of ˜U+ induces a line subbundle N+(a,b) of N(a,b) and the
vertical bundle of ˜U− induces a line subbundle N−(a,b) of N(a,b).
Firstly, note that at any point x ∈ ˜U+ ∩ t(a,b) the tangent space to t(a,b) at x is contained in the vertical
bundle of ˜U+|c−0 . As the vertical bundle has rank 2, for x ∈ ˜U
+ ∩ t(a,b) it defines a 1-dimensional subspace
(N+(a,b))x of (N(a,b))x. The only point of t(a,b) which is not an element of W+ is the point lying on the zero
section of ˜U−. Denote it by ∞. We will show that the bundle (N+(a,b)) extends over ∞ by
(N+(a,b))∞ := T∞∞,
where ∞ denotes the zero section of ˜U−|c+0 .
To prove that this really defines a holomorphic line bundle over t(a,b), we have to construct a local holo-
morphic description of N+(a,b) near ∞. Consider a subspace R(a,b) of V− of those lifted curves that inter-
sect Λ+ ⊗(Λ-)∗ over the curve from C+ given by z = a. This is a holomorphic submanifold of V−. As
t(a,b) ∩ ˜U−|c+0 consists of those curves from V
− that intersect Λ+ ⊗(Λ-)∗ over the point (z = a, z˜ = b) we have
that t(a,b) ∩ ˜U−|c+0 ⊂ R(a,b) and we have that
(N+(a,b))x = TxR(a,b)/Txt(a,b),
for x ∈ t(a,b) ∩ ˜U−|c+0 .
Analogously we define a subbundle N−(a,b) as the vertical bundle of U
−
p |c+0 and the tangent space to the zero
section in U+p |c−0 . By definition, the bundles N
+
(a,b) and N
−
(a,b) are transversal to each other which completes
the proof of the lemma.

Proposition 14. The normal bundle to projective lines t(a,b) is O(1) ⊕ O(1).
Proof. We will show that N+(a,b)  O(1). The proof that N−(a,b)  O(1) is analogous.
We will now construct family of curves such that tangent vectors to them at t = 0 will form sections of
N+.
In the ˜U+ part, using the coordinates (z, λw, λ), we define
γλ(t) = (a, λ(b + t), λ, ),
Those curves glue to curves in the ˜U− part given in the coordinates (˜λw˜, z˜, ˜λ) by
γ
˜λ(t) = ( ˜λa, b + t, ˜λ).
A direct calculation of derivatives at t = 0 gives dd tγλ|t=0 = (0, λ, 0) and dd tγ ˜λ|t=0 = (0, 1, 0).
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The local coordinates (z, λw, λ) and(˜λw˜, z˜, ˜λ) are defined in a neighbourhood of t(a,b) everywhere except
from points λ = 0 and ˜λ = 0 hence the family of curves defined above define a holomorphic section, say u,
of N+(a,b) for all points of t(a,b) except from λ = 0 and ˜λ = 0.
For points ˜λ = 0, the coordinates in the direction of N+ (i.e., z˜) are also defined in some neighbourhood
of ˜λ = 0. Hence the formula for u in coordinates is also valid there and hence u extends holomorphically
over ˜λ = 0.
Observe that, as coordinates(z, λw, λ) extend continuously (by zero) through 0 (see Proposition 11), the
section u tends to zero when λ tends to 0. By Riemann’s Theorem on Removable Singularities, u extends
holomorphically through λ = 0 and u(λ = 0) = 0.
Hence we constructed a holomorphic section of N+(a,b) vanishing at exactly one point. By the Birkhoff—
Grothendieck theorem ([10]) N+(a,b)  O(1).

Real structure. Recall that the Cartan connection on Σ is a complexification of a Cartan connection on S .
Let θ be a real structure on Σ coming from complexification (see Definition 3). As the Cartan connection
(V, 〈·, ·〉,Λ,D) comes from complexification, θ interchanges t+ and t− and thus C+ and C− curves. Moreover,
the real structure θ on V defines also an anti-holomorphic isomorphism between F+ and F− which induces an
anti-holomorphic isomorphism between T+ and T−. For simplification the anti-holomorphic isomorphisms
defined above will be also denoted by θ.
Remark 7. Recall that ΣR denotes the real submanifold of Σ coming from the complexification. Then for
any z ∈ ΣR, the curves s+ ∈ T+ and s− ∈ T− that intersect P(Λ) over z are interchanged by θ.
We can ensure that T+ and T− are such that the manifold T admits a real structure canonically induced by
the complexification of the Cartan geometry. The real structure interchanges projective lines from T+ with
projective lines from T− and on Σ ⊂ T it gives back the real structure θ from complexification. To simplify
the notation we denote the real structure on T by θ.
Analogously, the real structure θ induces an anti-holomorphic isomorphism θ between V+ and V−. We
define an anti-holomorphic isomorphism between V+ and V− by
θZ := (− id) ◦ θ,
and we can ensure that V+ and V− are such that θZ is a real structure on Z. Observe that for z not in the zero
section P(θZ(z)) = θ(P(z)).
In coordinates
θZ(z, λw, λ) = (−λw, z,−λ)
and
θZ( ˜λw˜, z˜, ˜λ) = (z˜,−˜λw˜,−˜λ).
Proposition 15. The real structure θZ induces on t(a,a¯) the antipodal map.
Proof. Firstly observe that the real structure interchange the zero in ˜U+|a with the zero in ˜U−|a. Any other
point on t(a,a¯) can be written using the coordinates (z, λw, λ) as (a, la, l) for some l ∈ C× . We have
θZ(a, la, l) = (−la, a,−l),
where (−la, a,−l) is written using the coordinates (˜λw˜, z˜, ˜λ). This corresponds (by gluing) in the coordinates
(z, λw, λ) to a point (a,−l−1a,−l−1) ∈ t(a,a¯) hence the real structure preserves t(a,a¯). As the equation
l = −l−1
does not have solutions in the complex numbers, the induced real structure on t(a,a¯) is antipodal. 
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Main theorem.
Theorem 3. Z is a twistor space of a self-dual conformal 4-manifold.
Proof. We have shown that Z is a complex 3-manifold with the real structure θZ . Moreover, by Proposition
15, t(a,a¯) are θZ-invariant projective lines on Z such that the induced real structure on t(a,a¯) is antipodal. In
Proposition 14 we have also shown that normal bundle to t(a,a¯) isO(1)⊕O(1) which, by Theorem 1, completes
the proof. 
Minitwistor lines.
Definition 14. Denote by M the self-dual conformal 4-manifold such that the twistor space of M is Z.
From Kodaira theorem [15], there exists a 4-dimensional complex manifold Mc which is a local moduli
space of curves (twistor lines) with the normal bundle O(1) ⊕ O(1) which comes as deformations of curves
t(a,b).
Remark 8. The fact that the normal bundle to twistor lines is isomorphic to O(1) ⊕ O(1) implies that the
nearby twistor lines intersect each other in at most one point. In particular any nearby twistor lines from the
moduli space intersect any t(a,b) in at most one point.
Recall that T is a complex surface defined in Section 4 and that in order to show that T is a minitwistor
space, we have to prove that T contains a projective line with normal bundle O(2).
Proposition 16. The projection Π (see Corollary 5) from an open subset of Z to T is given by a quotient of
Z by a local C× action ◦.
Proof. To see this, note that the projection on the gluing part acts by collapsing projective lines t(a,b) (given
in each of the gluing parts by a 1-dimensional vector spaces) to a point and on parts where we do not have a
gluing, it acts by projectivisations of U+p |c−0 and of ˜U−|c+0 . Define a local C
×
action ◦ as the action which is the
scalar multiplication in the fibres of ˜U+|c−0 and inverse of the scalar multiplication of ˜U
+|c−0 . By Proposition
12, the definition of the ◦ is compatible with the gluing, thus the local C× action ◦ on Z is well-defined.
The set of fixed points are the zero sections in Z+ and Z− and the projection can be described as a gluing of
fibrewise projectivisations of Z+ and Z−. 
Proposition 17. By construction, ◦ corresponds to an S 1 action on M. The S 1 action is semi-free, for some
neighbourhood in M of the points corresponding to twistor lines t(a,b).
Proof. Let l ∈ C× and u be any twistor line in Z. As ◦ is invertible, l ◦ u is a projective line in Z and it is
immediate to write an explicit isomorphism between normal bundles to u and l ◦ u. Moreover, if |l| = 1 and
u is a real twistor line, we get that l ◦ u is a real twistor line.
Note that all t(a,b) are invariant under ◦ hence the corresponding points in M are fixed under the S 1 action.
If u intersects some t(a,b), then by Remark 8, u∩ t(a,b) = {z} is a singleton. For z not in the zero sections of Z+
and Z− we have that S 1 ◦ z  S 1. This implies that the orbit of u is isomorphic to S 1. 
Remark 8 implies that there exists a real twistor line t from Mc which is transversal to ◦. Thus, the vector
field which is a generator of the action ◦ induces a non-vanishing section of the normal bundle of t and thus
the rank 1 trivial subbundle N s(t) of the normal bundle N(t) of t. This can be summarised in the following
corollary.
Corollary 6. There exists a real twistor line t which is transversal to the action ◦. The normal bundle to
such a twistor line admits a trivial line subbundle N s(t).
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Lemma 4. For any twistor line t which is transversal to the action ◦, we have that Π(t) is a projective line
in T with the normal bundle O(2). Hence Π(t) is a minitwistor line. Moreover, if t is a real twistor line, then
Π(t) is a real minitwistor line and the induced real structure on Π(t) is antipodal.
Proof. The quotient bundle of N by N s is the normal bundle N(Π(t)) to the projective line Π(t) ⊂ T . From
this, we obtain the following exact sequence:
0 −→ N s −→ N(t) −→ N(Π(t)) −→ 0.
As a consequence, the degrees of the bundles satisfy:
deg N s + deg N(Π(t)) = deg N(t),
thus deg N(Π(t)) = 2 and by the Birkhoff–Grothendieck theorem ([10])
N(Π(t))  O(2).
By direct application of Proposition 15, we obtain that the real structure on Π(t) is antipodal.

Now we are in position to state the main theorem of the paper.
Theorem 4. T is a minitwistor space of an Einstein–Weyl manifold.
Proof. T is a complex surface with a real structure θ. By Lemma 4, T admits a projective curve t which is
θ-invariant and the induced real structure on t is antipodal. Moreover the normal bundle to t is O(2) thus by
Theorem 2, T is a minitwistor space of an Einstein–Weyl 3-manifold. 
Observation 3. The projective lines with normal bundle O(1) arise as quotients of images in T of (possibly
restricted) fibres of bundles U+ and U−. The pair of projective lines given by fibres z = a and z˜ = b meet
in the point given by Π(t(a,b)). As those the twistor lines which (by quotients) give minitwistor lines arise as
deformations of t(a,b) we can view the line pairs as degenerations of the minitwistor lines.
Following the result of LeBrun [16] (see Lemma 1) we obtain the following corollary.
Corollary 7. The Einstein–Weyl manifold obtained from the minitwistor space T is asymptotically hyper-
bolic.
7. Summary
We have shown that there is a natural construction of the minitwistor space of an asymptotically hy-
perbolic Einstein–Weyl manifold B from a real-analytic surface Σ equipped with a real-analytic conformal
Cartan connection. The minitwistor space contains a family of pairs of projective lines which are defor-
mations of the minitwistor lines and encode the asymptotic end of the Einstein–Weyl manifold. Moreover,
we have shown that there exists a natural construction of a twistor space Z of the self-dual conformal 4-
manifold M from Σ such that S is a submanifold of M and B arises as quotient of M by an S 1 action.
As a consequence, the asymptotically hyperbolic Einstein–Weyl manifold B, constructed from Σ, admits a
distinguished Gauduchon gauge (see [13]).
The constructed twistor space is the result of a special case of the Generalized Feix–Kaledin construction
of quaternionic manifolds obtained recently by D. Calderbank and the author ([4], compare [9], [14]). In [4]
we construct a family of twistor spaces from which T arises as quotient and further investigate the obtained
Gauduchon gauges.
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